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Abstract. For p prime and i < p, i # 0, (r;Ti) I (r + l)(r;l) (y) (mod p2). A parallel, but 
rather different congruence holds modulo p3. 
In 1878, kdouard Lucas gave an elegant result for computing binomial coefficients modulo 
a prime [1,2]. H is result is as follows. 
THEOREM 1. If p is prime, n, r, no, and ra are non-negative integers, and no and 1‘0 are 
both less than p, then 
In [3], we have shown, among other things, that the following variation of Lucas’ theorem 
is valid. 
THEOREM 2. If n and r are non-negative integers, and p is a prime greater than 3, then 
(z) = @) bodp3). 
Using the techniques of [3], it is easy to show that more can be said if the modulus is p2. 
In particular, one need not exclude the primes 2 and 3. Thus, we have: 
THEOREM 3. If n and r are non-negative integers, and p is prime, then 
(ri) q (:> (modp2). 
The purpose of this paper is to obtain additional congruences modulo p2 and p3. A 
particularly clean result holds if our modulus is p2. In particular, one has: 
THEOREM 4. If p is prime, n and P are non-negative integers, and i is an integer strictly 
between 0 and p, then 
PROOF: We proceed by induction. If n = 0, the theorem merely asserts that 0 is congruent 
to 0. Likewise, if n = 1, then in the case T = 0, the theorem states that @) 2 (T) and in the 
case P = 1, the assertion is that 0 E 0. Thus, the theorem is trivially true if n = 0 or n = 1. 
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Next we assume the result holds for some 71 2 1 and consider 
We examine the cases P = 0 and r # 0 separately. 
Setting r = 0, we observe that expression (1) becomes 
(‘fl+“p)=iJi”p,)(g=(n)(g+gi.pI)(g+(Y-jq(T)* 
But by Lucas’ theorem 
z 0 (modp’) 
for 1 5 15 i - 1. Also, by the inductive assumption, we have 
(7) E (;) (!) (mod p2). 
These observations allow us to assert that 
(‘“+‘“> =n(f) + (!) = (“:‘>(!) (modp2). 
This completes the proof in the case r = 0. 
We now assume that r # 0 and consider 
Clearly, the last sum in the above expression is 
(r;Ii) +g (rpJP_l) (7) + ((r-;fp+i)’ 
(1) 
(2) 
But each of the terms in the middle sum in expression (2) is congruent to 0 modulo p2, 
except that term for which I= i. Thus, 
Note now that by Theorem 3 
and by inductive assumption 
Thus, finally, since 
we obtain 
and the proof is complete. 
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COROLLARY. For p any prime 
2pa E 2P (mod p2). 
PROOF: For i # 0, we have @) ~0 (mod p). Moreover, (&) E 0 (mod p) U&SS h = P- 1, 
but in that case (E + l)(,c,) is clearly congruent to 0 modulo p. Thus, whenever i # 0, we 
have (kii) q(k+l)(k:l)(!) rO (modpa). 
Thus, 
2pa = $ (‘:) s $ (z) (mod p”). 
= 
But by Theorem 3 
(g) = c) (mod pa), 
Therefore, 
2P = 
and the proof is complete. I 
We note that the result of the corollary is well known. Indeed Dickson [4] says the result 
was established by Brennecke in 1855. 
There seems to be no result modulo p” exactly like that in Theorem 4. However, we note 
that Theorem 4 implies 
mP2 
np2 + kp = ) i 
“(“p+k+l)(np~+I)(!) (modp2) fori>O. 
But if k < p - 1, this last expression is congruent modulo p2 to 
(np+k+l)(n+l) 
(n~l)(k~l>(p) 
which is congruent to 
(n+I)(,~I)(k+l)(k~l)(!) sincenp(!) ~0 (modp2). 
Now applying Theorem 4 to our last expression, we conclude that 
And, somewhat unexpectedly, this congruence holds for k < p and, moreover, it carries over 
to the case of modulus p3, as we show. 
THEOREM 5. Ifp 3 5 is prime, i > 0,O 5 n 5 m, and 0 5 k < p, then 
PROOF: We proceed by induction on m. Since the result holds trivially for m = 0 and 
m = 1, we assume the result for some m 1 1 and consider 
mp2 P2 
npa+kp+i-I >( > 1 ’ (3) 
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We find it necessary to consider several cases. 
First assume n = k = 0. The the sum in expression (3) reduces to 
But each term in the last summation above is clearly congruent to 0 modulo p3 and by the 
inductive hypothesis 
(“i’l) + (‘:) = (m+ l)cy) (modp3). 
Therefore, the theorem holds for m + 1 in this case. 
Next suppose n = 0 and k # 0. Then the sum in expression (3) will reduce, as before, to 
Examining the terms in the summation, we see that, as in the proof of the corrollary, if I# i 
(,z2_ 0 3 0 (mod p”) and 6’) q 0 (mod de 
Of course, if I = i, we have 
(,,‘;<_ I> z 0 (mod p) and c) = 0 (mod p2). 
Thus, in any case, the summation in expression (3) is congruent modulo p” to 
(si) ’ (k:li) 
which is congruent, by inductive assumption, to 
(‘;>(k~~i)‘(k~~i)=(m:l)(k~~i)’ 
Once again then we have shown the theorem holds for m + 1. 
Finally, we assume that n # 0, and note that the summation in expression (3) is equal to 
Pa 
c( mp2 * ,=o v2+kp+a-I )(pZ2)=(np2~~+i)+~ (np2+Tf+i-I)(pJ 
+ ( ( 
mp2 
n - l)p2 + kp + i ) * 
But one can show, using the inductive hypothesis and reasoning as above, that all terms in 
the last summation are congruent to 0 modulo p3 except when 1 = kp + i. Therefore, 
(m + 1)~' = 
) ( 
w2 
npz+kp+i - np2+kp+i )‘(~~~)(k~;)‘((n-l)~~kp+i) (modp3)* 
Finally, we see, using the inductive assumption and Theorem 2, that this last sum is con- 
gruent modulo p3 to 
[(n+l)(n~l) + (3 +n(:)] (k,‘:i)’ 
Clearly this last expression is equal to 
and the proof is complete. I 
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